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LIPSCHITZ TYPE SPACES AND LANDAU-BLOCH TYPE
THEOREMS FOR HARMONIC FUNCTIONS AND POISSON
EQUATIONS
SH. CHEN, M. MATELJEVIC´, S. PONNUSAMY†, AND X. WANG
Abstract. In this paper, we investigate some properties on harmonic functions
and solutions to Poisson equations. First, we will discuss the Lipschitz type spaces
on harmonic functions. Secondly, we establish the Schwarz-Pick lemma for har-
monic functions in the unit ball Bn of Rn, and then we apply it to obtain a Bloch
theorem for harmonic functions in Hardy spaces. At last, we use a normal fam-
ily argument to extend the Landau-Bloch type theorem to functions which are
solutions to Poisson equations.
1. Introduction and main results
Let Rn denote the usual real vector space of dimension n, where n ≥ 2 is a positive
integer. Sometimes it is convenient to identify each point x = (x1, . . . , xn) ∈ Rn with
an n× 1 column matrix so that
x =

 x1...
xn

 .
For a = (a1, . . . , an) and x ∈ Rn, we define the Euclidean inner product 〈·, ·〉 by
〈x, a〉 = x1a1 + · · ·+ xnan
so that the Euclidean length of x is defined by
|x| = 〈x, x〉1/2 = (|x1|2 + · · ·+ |xn|2)1/2.
Denote a ball in Rn with center x′ and radius r by
B
n(x′, r) = {x ∈ Rn : |x− x′| < r}.
In particular, Bn denotes the unit ball Bn(0, 1). Set D = B2, the open unit disk in
the complex plane C.
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A function f of an open subset Ω ⊂ Rn into R is called a harmonic function if
∆f = 0, where ∆ represents the n-dimensional Laplacian operator
∆ =
n∑
k=1
∂2
∂x2k
.
In this paper, we use C to denote the various positive constants, whose value may
change from one occurrence to the next.
A continuous increasing function ω : [0,∞) → [0,∞) with ω(0) = 0 is called a
majorant if ω(t)/t is non-increasing for t > 0. Given a subset Ω of Rn, a function
f : Ω → Rm (m ≥ 1) is said to belong to the Lipschitz space Λω(Ω) if there is a
positive constant C such that
(1) |f(x)− f(y)| ≤ Cω(|x− y|) for all x, y ∈ Ω.
For δ0 > 0, let
(2)
∫ δ
0
ω(t)
t
dt ≤ C · ω(δ), 0 < δ < δ0
and
(3) δ
∫ ∞
δ
ω(t)
t2
dt ≤ C · ω(δ), 0 < δ < δ0,
where ω is a majorant. A majorant ω is said to be regular if it satisfies the conditions
(2) and (3) (see [12, 13, 14, 29, 30, 31]).
Let Ω be a domain in Rn with non-empty boundary. We use dΩ(x) to denote the
Euclidean distance from x to the boundary ∂Ω of Ω. In particular, we always use
d(x) to denote the Euclidean distance from x to the boundary of Bn.
A proper subdomain G of Rn is said to be Λω-extension if Λω(G) = locΛω(G),
where locΛω(G) denotes the set of all functions f : G → Rm satisfying (1) with a
fixed positive constant C, whenever x ∈ G and y ∈ G such that |x − y| < 1
2
dG(x).
Obviously, Bn is a Λω-extension domain.
In [21], the author proved that G is a Λω-extension domain if and only if each
pair of points x, y ∈ G can be joined by a rectifiable curve γ ⊂ G satisfying
(4)
∫
γ
ω(dG(ζ))
dG(ζ)
ds(ζ) ≤ Cω(|x− y|)
with some fixed positive constant C = C(G, ω), where ds stands for the arc length
measure on γ. Furthermore, Lappalainen [21, Theorem 4.12] proved that Λω-
extension domains exist only for majorants ω satisfying (2). See [14, 16, 19, 21]
for more details on Λω-extension domains.
Krantz [20] proved a Hardy-Littlewood type theorem for harmonic functions in
the unit ball with respect to the majorant ω(t) = ωα(t) = t
α (0 < α ≤ 1) as follows.
Theorem A. ([20, Theorem 15.8]) Let f be a harmonic function from Bn into R
and 0 < α ≤ 1. Then f satisfies
|∇f(x)| ≤ Cωα
(
d(x)
)
d(x)
for any x ∈ Bn
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if and only if
|f(x)− f(y)| ≤ Cωα(|x− y|) for any x, y ∈ Bn,
where ∇f denotes the gradient of f .
For the extensive discussions on this topic, see [1, 2, 3, 4, 8]. We generalize
Theorem A to the following form.
Theorem 1. Let ω be a majorant satisfying (2), Ω be a Λω-extension domain in R
n
and f be a harmonic function from Ω into R. Then f ∈ Λω(Ω) if and only if
|∇f(x)| ≤ Cω
(
dΩ(x)
)
dΩ(x)
for any x ∈ Ω.
In [18], Holland-Walsh obtained the following result. For the extensive studies on
this topic, see [9, 32, 34].
Theorem B. ([18, Theorem 3]) Let B denote all analytic functions in D which form
a complex Banach space with the norm
‖f‖B = |f(0)|+ sup
z∈D
{(1− |z|2)|f ′(z)|} <∞.
Then f ∈ B if and only if
sup
z,w∈D,z 6=w
{√
(1− |z|2)(1− |w|2)|f(z)− f(w)|
|z − w|
}
<∞.
In [32], Pavlovic´ generalized Theorem B into the following form.
Theorem C. ([32, Theorem 2]) Let C1(Bn) be the class of all one order continuous
differentiable functions from Bn into R. Let BC1 denote all f ∈ C1(Bn) which form
a Banach space with the norm
‖f‖B
C1
= |f(0)|+ sup
z∈D
{(1− |x|2)|∇f(x)|} <∞.
Then f ∈ BC1 if and only if
sup
x,y∈Bn,x 6=y
{√
(1− |x|2)(1− |y|2)|f(x)− f(y)|
|x− y|
}
<∞.
By using a different proof methods, we will prove a more general result as follows
which is a generalization of Theorems B and C.
Theorem 2. Let f ∈ C1(Bn) and ω be a majorant. Then for any x ∈ Bn,
|∇f(x)| ≤ Cω
(
1
d(x)
)
if and only if for any x, y ∈ Rn with x 6= y,
|f(x)− f(y)|
|x− y| ≤ Cω
(
1√
d(x)d(y)
)
.
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Dyakonov [13] discussed the relationship between the Lipschitz space and the
bounded mean oscillation on holomorphic functions in D, and obtained the following
result.
Theorem D. ([13, Theorem 1]) Suppose that f is a holomorphic function in D
which is continuous up to the boundary of D. If ω and ω2 are regular majorants,
then
f ∈ Λω(D)⇐⇒ P|f |2(z)− |f(z)|2 ≤Mω2(d(z)),
where
P|f |2(z) =
1
2pi
∫ 2pi
0
1− |z|2
|z − eiθ|2 |f(e
iθ)|2 dθ.
In particular, for harmonic functions, we get the following result which is analo-
gous to Theorems B and D. For some related topics on complex-valued functions,
we refer to [11, 12].
Theorem 3. Let f ∈ C1(Bn) be a harmonic and ω be a majorant. Then the following
are equivalent:
(a) for any x ∈ Bn,
|∇f(x)| ≤ Cω
(
1
d(x)
)
;
(b) for any x, y ∈ Rn with x 6= y,
|f(x)− f(y)|
|x− y| ≤ Cω
(
1√
d(x)d(y)
)
;
(c) for any r ∈ (0, d(x)],
1
|Bn(x, r)|
∫
Bn(x,r)
|f(ζ)− f(x)|dV (ζ) ≤ Crω
(1
r
)
,
where dV denotes the Lebesgue volume measure in Bn.
For a vector-valued and real harmonic function f = (f1, . . . , fn) from B
n into Rn
(i.e. for each i ∈ {1, 2, . . . , n}, fi : Bn → R is harmonic), we denote the Jacobian
of f by Jf , i.e.,
Jf = det
(
∂fi
∂xj
)
n×n
,
where j ∈ {1, 2, . . . , n}. Let H(Bn,Rn) be the set of all real harmonic functions f
from Bn into Rn. Also, for p ∈ (0,∞), let Hp(Bn,Rn) denote the harmonic Hardy
class consisting of all functions f ∈ H(Bn,Rn) such that
‖f‖p = sup
0<r<1
Mp(f, r) <∞, Mpp (f, r) :=
∫
∂Bn
|f(rζ)|p dσ(ζ),
where dσ is the normalized surface measure on ∂Bn (see [5]).
One of the long standing open problems in geometric function theory is to deter-
mine the precise value of the univalent Landau-Bloch constant for analytic functions
of D. It has attracted much attention, see [23, 26, 27, 28] and references therein.
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For general holomorphic mappings of more than one complex variable, no univalent
Landau-Bloch constant exists (cf. [37]). In order to obtain some analogous results of
univalent Landau-Bloch constant for functions with several complex variables, it is
necessary to restrict the class of mappings considered, see [7, 10, 15, 22, 24, 35, 37].
In [6], the authors discussed the Schwarz-Pick Lemma and the Landau-Bloch
type theorems for bounded pluriharmonic mappings. It is known that plurihar-
monic mappings are special vector-valued harmonic functions. By using a different
approach, as our last aim, we will establish the Schwarz-Pick Lemma and obtain a
univalent Landau-Bloch constant for vector-valued harmonic functions in the Hardy
spaces. Since all bounded vector-valued harmonic functions belong to the harmonic
Hardy classes, we see that our result (Theorem 4) is a generalization of [6, Theorem
5].
Theorem 4. Suppose that f ∈ Hp(Bn,Rn) satisfies Jf(0) − 1 = |f(0)| = 0, where
p ≥ 1 and n ≥ 3. Then f(Bn) contains a univalent ball Bn(0, R), where
R ≥ max
0<r<1
ϕ(r),
where
ϕ(r) =
1
2[nK(r)]2n−2M(r)[(1 +
√
2)n−1 +
√
2− 1] ,
K(r) = 21/p‖f‖p/[r(1− r)(n−1)/p] and M(r) = K(r)[(3 +
√
3)n+ 2
√
2].
We remark that, as limr→0+ ϕ(r) = limr→1− ϕ(r) = 0, the maximum of ϕ(r) in
Theorem 4 does exist.
The following result easily follows from Theorem 4.
Theorem 5. Let f ∈ H(Bn,Rn) with Jf(0) − 1 = |f(0)| = 0 and |f(x)| < M for
x ∈ Bn. Then f is univalent in Bn(0, ρ0) and f(Bn(0, ρ0)) contains a univalent ball
Bn(0, R0), where
ρ0 =
1
nn−1Mn[(3 +
√
2)n+ 2
√
2][(1 +
√
2)n−1 +
√
2− 1] and R0 =
ρ0
2(nM)n−1
.
We will extend Theorem 5 to a general case. Let us give some preparations before
we present our next result.
Let f : Ω→ Rn be a differentiable mapping and p be a regular value of f , where
p /∈ f(∂Ω) and Ω ⊂ Rn is a bounded domain. Then the degree deg(f,Ω, p) is defined
by the formula
deg(f,Ω, p) :=
∑
y∈f−1(p)
sign
(
det Jf (y)
)
.
The deg(f,Ω, p) satisfies the following properties (cf. [33, 36]):
(I) If deg(f,Ω, p) 6= 0, then there exists an x ∈ Ω such that f(x) = p.
(II) IfD is a domain withD ⊂ Ω and p ∈ Rn\f(∂D), then the degree deg(f,D, p)
is a constant.
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Let D ⊂ Rn be a domain and f be a real function from D into Rn. If the Ho¨lder
coefficient
‖f‖α,D = sup
x,y∈D,x 6=y
|f(x)− f(y)|
|x− y|α
is finite, then the function f is said to be (uniformly) Ho¨lder continuous with ex-
ponent α in D, where 0 < α ≤ 1. In this case, the Ho¨lder coefficient serves as a
seminorm. If the Ho¨lder coefficient is merely bounded on compact subsets of D,
then the function f is said to be locally Ho¨lder continuous with exponent α in D.
We denote by Cα(D,Rn) the space consist of all locally Ho¨lder continuous functions
f from D into Rn with exponent α (cf. [17, 20]).
Let PEf denote the class of functions u satisfying the Poisson equation ∆u = f
with Ju(0)−1 = |u(0)| = 0, where u ∈ C2(Bn), i.e., twice continuously differentiable
function in Bn, and f ∈ Cα(Bn,Rn) with the constants α ∈ (0, 1) and ‖f‖α,Bn <
∞. We use PEMf to denote the family of all functions u satisfying u ∈ PEf with
|u(x)| ≤ M for x ∈ Bn, where M is a positive constant. Obviously, all bounded
harmonic functions belong to PEMf .
Theorem 6. Let u ∈ PEMf . Then there is a positive constant c0 depending only on
M , ‖f‖α,Bn and n such that Bn(0, c0) ⊂ u(Bn).
In fact, the bounded condition in Theorem 6 is necessary. The following example
shows that there is no Landau-Bloch Theorem for functions u ∈ PEf without the
bounded condition.
Example 1.1. For k ∈ {1, 2, . . .} and x ∈ Bn, let uk(x) = (kx1, x2/k, x3, . . . , xn).
Then uk are harmonic and Juk(0)− 1 = |uk(0)| = 0.
This example tells us that if u : Bn → Rn is a harmonic function on the unit ball
with Ju(0)− 1 = |u(0)| = 0, then there is no an absolute constant s > 0 such that
Bn(0, s) belongs to u(Bn). Thus the Theorem 6 does not hold for u ∈ PEf .
The proofs of Theorems 1, 2 and 3 will be given in Section 2. We will show
Theorems 4 and 6 in the last part of this paper.
2. Lipschitz type spaces on harmonic functions
Proof of Theorem 1. We first prove the sufficiency. Since Ω is a Λω-extension
domain in Rn, we see that for any x, y ∈ Ω, by using (4), there is a rectifiable curve
γ ⊂ Ω joining x to y such that
|f(x)− f(y)| ≤
∫
γ
|∇f(ζ)|ds(ζ)
≤ C
∫
γ
ω
(
dΩ(ζ)
)
dΩ(ζ)
ds(ζ)
≤ Cω(|x− y|).
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Now we come to prove the necessity. Let x = (x1, . . . , xn) ∈ Ω and r = dΩ(x)/2.
For all y ∈ Bn(x, r), using Poisson formula, we get
f(y) =
∫
∂Bn
P(y, ζ)f(rζ + x)dσ(ζ),
where ζ = (ζ1, . . . , ζn) ∈ ∂Bn and
P(y, ζ) =
r2 − |y − x|2
|y − x− rζ |2 .
By elementary calculations, for each k ∈ {1, 2, . . . , n}, we have
∂P(y, ζ)
∂yk
= −2
[
(yk − xk)|y − x− rζ |2 + (r2 − |y − x|2)(yk − rζk − xk)
]
|y − x− rζ |4 .
Then for all y ∈ Bn(x, r/2),
∣∣∣∣∂P(y, ζ)∂yk
∣∣∣∣ ≤ 2
[|yk − xk||y − x− rζ |2 + (r2 − |y − x|2)|yk − rζk − xk|]
|y − x− rζ |4
≤ 2
[
r
2
(
3r
2
)2
+ r2
(
3r
2
)]
(
r − r
2
)4 = 84r ,
which implies that
|∇f(y)| =
[
n∑
k=1
f 2yk(y)
]1
2
=
{ n∑
k=1
(∣∣∣ ∫
∂Bn
∂P(y, ζ)
∂yk
(f(rζ + x)− f(x))dσ(ζ)
∣∣∣2} 12
≤
n∑
k=1
∣∣∣ ∫
∂Bn
∂P(y, ζ)
∂yk
(f(rζ + x)− f(x))dσ(ζ)
∣∣∣
≤
n∑
k=1
∫
∂Bn
∣∣∣∣∂P(y, ζ)∂yk
∣∣∣∣ ∣∣f(rζ + x)− f(x)∣∣dσ(ζ)
≤ √n
∫
∂Bn
|∇P(y, ζ)| ∣∣f(rζ + x)− f(x)∣∣dσ(ζ)
≤ 84n
r
∫
∂Bn
∣∣f(rζ + x)− f(x)∣∣dσ(ζ)
≤ 84nCω(r)
r
≤ 168nCω
(
dΩ(x)
)
dΩ(x)
.
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If we take y = x, then we get the desired result. The proof of this theorem is
complete. 
Proof of Theorem 2. We first prove the necessity. For any x, y ∈ Bn with x 6= y,
let ϕ(t) = xt+ (1− t)y, where t ∈ [0, 1]. Since |ϕ(t)| ≤ t|x|+ (1− t)|y|, we see that
(5) 1− |ϕ(t)| ≥ 1− t|x| − |y|+ t|y| ≥ 1− t+ |y|(t− 1) = (1− t)d(y)
and
(6) 1−|ϕ(t)| ≥ 1− t|x|−|y|+ t|y| = 1− t|x|−|y|(1− t) ≥ 1− t|x|− (1− t) = td(x).
By (5) and (6), we get
(1− |ϕ(t)|)2 ≥ (1− t)td(x)d(y),
which implies
(7)
1
1− |ϕ(t)| ≤
1√
(1− t)td(x)d(y) .
For t > 0, by the monotonicity of ω(t)/t, we know that
(8) ω(λt) ≤ λω(t),
where λ ≥ 1.
By (7) and (8), for any x, y ∈ Bn with x 6= y, we have
|f(x)− f(y)| =
∣∣∣∣
∫ 1
0
df
dt
(ϕ(t))dt
∣∣∣∣
≤ √n|x− y|
∫ 1
0
|∇f(ϕ(t))|dt
≤ √n|x− y|
∫ 1
0
|∇f(ϕ(t))|
ω
(
1
1−|ϕ(t)|
)ω( 1
1− |ϕ(t)|
)
dt
≤ C√n|x− y|
∫ 1
0
ω
(
1
1− |ϕ(t)|
)
dt
≤ C√n|x− y|
∫ 1
0
ω
(
1√
(1− t)td(x)d(y)
)
dt
≤ C√n|x− y|ω
(
1√
d(x)d(y)
)∫ 1
0
1√
(1− t)tdt
= C
√
n|x− y|ω
(
1√
d(x)d(y)
)∫ pi
2
0
2 sin θ cos θ√
sin2 θ cos2 θ
dθ
= Cpi
√
n|x− y|ω
(
1√
d(x)d(y)
)
,
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which gives
|f(x)− f(y)|
|x− y| ≤ piC
√
nω
(
1√
d(x)d(y)
)
.
Now we prove the sufficiency part. For any x, y ∈ Bn with x 6= y, since
|∇f(x)| = lim sup
y→x
|f(y)− f(x)|
|y − x| ,
we see that
lim sup
y→x
|f(y)− f(x)|
|y − x| = |∇f(x)| ≤ C lim supy→xω
(
1√
d(x)d(y)
)
= Cω
(
1
d(x)
)
.
The proof of this theorem is complete. 
Using arguments similar to those in the proof of [25, Lemma 2.5], we have the
following lemma and so, we omit its proof.
Lemma 1. Suppose that f : B
n
(a, r)→ R is a continuous function in Bn(a, r) and
harmonic in Bn(a, r). Then
|∇f(a)| ≤ n
√
n
r
∫
∂Bn
|f(a+ rζ)− f(a)|dσ(ζ).
Proof of Theorem 3. (a)⇐⇒(b) easily follows from Theorem 2. We only need
to prove (a)⇐⇒(c). We first prove (a)=⇒(c). For any x = (x1, . . . , xn), y =
(y1, . . . , yn) ∈ Bn and t ∈ [0, 1], we have
d
(
x+ t(y − x)) ≥ d(x)− t|y − x|.
Suppose that d(x)− t|y − x| > 0. Then
|f(y)− f(x)| =
∣∣∣ ∫ 1
0
df
dt
(ς)dt
∣∣∣
=
∣∣∣∣∣
n∑
k=1
(yk − xk)
∫ 1
0
df
dςk
(ς)dt
∣∣∣∣∣
≤
( n∑
k=1
|yk − xk|2
) 1
2
[ n∑
k=1
( ∫ 1
0
∣∣∣ ∂f
∂ςk
(ς)
∣∣∣dt)2] 12
≤ √n|y − x|
∫ 1
0
|∇f(ς)|dt
≤ C√n|y − x|
∫ 1
0
ω
(
1
d(x)− t|y − x|
)
dt
= C
√
n
∫ |y−x|
0
ω
(
1
d(x)− t
)
dt,
which implies
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1
|Bn(x, r)|
∫
Bn(x,r)
|f(ζ)− f(x)|dV (ζ)
≤ C
√
n
|Bn(0, r)|
∫
Bn(0,r)
{∫ |ξ|
0
ω
(
1
d(x)− t
)
dt
}
dV (ξ)
=
Cn
√
n
rn
∫ r
0
ρn−1
{∫ ρ
0
ω
( 1
d(x)− t
)
dt
}
dρ
≤ Cn
√
n
rn
∫ r
0
{∫ r
t
ρn−1dρ
}
ω
(
1
r − t
)
dt
≤ C
√
n
rn
∫ r
0
(r − t) (rn−1 + rn−2t + · · ·+ tn−1)ω( 1
r − t
)
dt
≤ C
√
n
rn
rω
(1
r
)∫ r
0
(
rn−1 + rn−2t + · · ·+ tn−1) dt
= C
√
n
(
n∑
j=1
1
j
)
rω
(1
r
)
,
where ς = (ς1, . . . , ςn) = yt+ (1− t)x.
Now we prove that (c)=⇒(a). By Lemma 1, we have
|∇f(x)| ≤ n
√
n
ρ
∫
∂Bn
|f(x+ ρζ)− f(x)|dσ(ζ),
where ρ ∈ (0, d(x)]. Let r = d(x). Then we have∫ r
0
|∇f(x)|ρndρ ≤ √n
∫ r
0
(
nρn−1
∫
∂Bn
|f(x)− f(x+ ρζ)|dσ(ζ)
)
dρ,
which implies
|∇f(x)| ≤ (n + 1)
√
n
2rn+1
∫ r
0
(
nρn−1
∫
∂Bn
|f(x)− f(x+ ρζ)|dσ(ζ)
)
dρ
=
(n+ 1)
√
n
2r|Bn(x, r)|
∫
Bn(x,r)
|f(ξ)− f(x)|dV (ξ)
≤ (n + 1)
√
nC
2
ω
(1
r
)
=
(n + 1)
√
nC
2
ω
(
1
d(x)
)
.
Therefore, (a)⇐⇒(c). Since (a)⇐⇒(b) and (a)⇐⇒(c), we conclude that
(a)⇐⇒ (b)⇐⇒ (c).
The proof of the theorem is complete. 
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3. Landau-Bloch theorem for functions in Hp(Bn,Rn) and PEMf
The following lemmas are crucial for the proof of Theorem 4.
The following result is a Schwarz-Pick type lemma for harmonic functions in
H(Bn,Rn).
Lemma 2. Let f ∈ H(Bn,Rn) with |f(x)| ≤ M in Bn, where M is a positive
constant. Then
(9)
∣∣∣∣f(x)− 1− |x|(1 + |x|)n−1f(0)
∣∣∣∣ ≤M
[
1− 1− |x|
(1 + |x|)n−1
]
.
Proof. Without loss of generality, we assume that f is also harmonic on ∂Bn. We
first prove the inequality (9). By the Poisson integral formula, we have
(10) f(x) =
∫
∂Bn
1− |x|2
|x− ζ |nf(ζ) dσ(ζ),
where dσ denotes the normalized surface measure on ∂Bn. By calculations, we have∣∣∣∣f(x)− 1− |x|(1 + |x|)n−1f(0)
∣∣∣∣ =
∣∣∣∣
∫
∂Bn
[
1− |x|2
|x− ζ |n −
1− |x|
(1 + |x|)n−1
]
f(ζ) dσ(ζ)
∣∣∣∣
≤
∫
∂Bn
[
1− |x|2
|x− ζ |n −
1− |x|
(1 + |x|)n−1
]
|f(ζ)| dσ(ζ)
≤ M
∫
∂Bn
[
1− |x|2
|x− ζ |n −
1− |x|
(1 + |x|)n−1
]
dσ(ζ)
≤ M
[
1− 1− |x|
(1 + |x|)n−1
]
and the proof is complete. 
A matrix-valued function A(x) =
(
ai,j(x)
)
n×nis called matrix-valued and real har-
monic function if each of its entries ai,j(x) is a real harmonic function from an open
subset Ω ⊂ Rn into R.
Lemma 3. Let A(x) =
(
ai,j(x)
)
n×n be a matrix-valued harmonic mapping defined
on the ball Bn(0, r). If A(0) = 0 and |A(x)| ≤M in Bn(0, r), then
|A(x)| ≤ M
[
1− r
2n−2(r − |x|)
(r + |x|)2n−1
]
.
Proof. For an arbitrary θ = (θ1, . . . , θn)
T ∈ ∂Bn, we let
Pθ(x) = A(x)θ = (p1(x), . . . , pn(x)).
For every ζ ∈ Bn, let Fθ(ζ) = Pθ(rζ). By Lemma 2, we see that for all ζ ∈ Bn,∣∣∣∣Fθ(ζ)− 1− |ζ |(1 + |ζ |)n−1Fθ(0)
∣∣∣∣ ≤M
[
1− 1− |ζ |
(1 + |ζ |)n−1
]
,
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which gives
|Pθ(x)| ≤M
[
1− r
n−2(r − |x|)
(r + |x|)n−1
]
, |x| < r.
The arbitrariness of θ yields the desired inequality. 
Lemma 4. Let f ∈ H(Bn,Rn) with |f(x)| ≤ M for x ∈ Bn, where M is a positive
constant. Then
|f ′(x)| ≤M 2|x|+ n(1 + |x|)
1− |x|2 .
Proof. Let f = (f1, . . . , fn) and θ = (θ1, . . . , θn) ∈ ∂Bn. Without loss of generality,
we assume that f is also harmonic on ∂Bn. By the Poisson integral formula, we find
that
f(x) =
∫
∂Bn
1− |x|2
|x− ζ |nf(ζ) dσ(ζ),
where dσ denotes the normalized surface measure on ∂Bn. Clearly,
(11)
∫
∂Bn
dσ(ζ)
|x− ζ |n =
1
1− |x|2 .
For eachj, k ∈ {1, . . . , n}, we have
(fj(x))xk =
∫
∂Bn
−2xk|x− ζ |2 − n(1− |x|2)(xk − ζk)
|x− ζ |n+2 fj(ζ) dσ(ζ),
which gives
∣∣∣∣∣
n∑
k=1
(fj(x))xk · θk
∣∣∣∣∣
2
=
∣∣∣∣∣
n∑
k=1
∫
∂Bn
[2xk|x− ζ |2 + n(1− |x|2)(xk − ζk)]θk
|x− ζ |n+2 fj(ζ) dσ(ζ)
∣∣∣∣∣
2
=
∣∣∣∣
∫
∂Bn
∑n
k=1[2xk|x− ζ |2 + n(1− |x|2)(xk − ζk)]θk
|x− ζ |n+2 fj(ζ) dσ(ζ)
∣∣∣∣
2
≤
[∫
∂Bn
[2|x| |x− ζ |2 + n(1− |x|2)|x− ζ |]|fj(ζ)|
|x− ζ |n+2 dσ(ζ)
]2
≤
[∫
∂Bn
[2|x| |x− ζ |+ n(1− |x|2)]2
|x− ζ |n+2 dσ(ζ)
]
×
[∫
∂Bn
|fj(ζ)|2
|x− ζ |n dσ(ζ)
]
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Then the relation (11) shows
n∑
j=1
∣∣∣∣∣
n∑
k=1
(fj(x))xk · θk
∣∣∣∣∣
2
≤
[∫
∂Bn
[2|x| |x− ζ |+ n(1− |x|2)]2
|x− ζ |n+2 dσ(ζ)
]
×
[∫
∂Bn
∑n
j=1 |fj(ζ)|2
|x− ζ |n dσ(ζ)
]
≤ M
2
1− |x|2
[∫
∂Bn
[2|x| |x− ζ |+ n(1− |x|2)]2
|x− ζ |n+2 dσ(ζ)
]
≤ M
2
1− |x|2
[∫
∂Bn
[2|x|+ n(1 + |x|)]2
|x− ζ |n dσ(ζ)
]
≤ M
2[2|x|+ n(1 + |x|)]2
(1− |x|2)2
whence
|f ′(x)| ≤M 2|x|+ n(1 + |x|)
1− |x|2 .
The proof of this lemma is complete. 
Lemma E. ([22, Lemma 4]) Let A be an n×n real (or complex) matrix with |A| 6= 0.
Then for any unit vector θ ∈ ∂Bn, the inequality
|Aθ| ≥ | detA||A|n−1
holds.
Proof of Theorem 4. Without loss of generality, we assume that f is also harmonic
on ∂Bn, where n ≥ 3. By the Poisson integral representation, we have
f(x) =
∫
∂Bn
1− |x|2
|x− ζ |nf(ζ) dσ(ζ)
in Bn. By Jensen’s inequalities, we obtain
|f(x)|p ≤
∫
∂Bn
1− |x|2
|x− ζ |n |f(ζ)|
p dσ(ζ) ≤ 2‖f‖
p
p
(1− |x|)n−1
which gives
|f(x)| ≤ 2
1/pK0
(1− |x|)(n−1)/p ,
where K0 = ‖f‖p. For ζ ∈ Bn and for a fixed r ∈ (0, 1), let F (ζ) = f(rζ)/r. Then
|F (ζ)| ≤ 2
1/pK0
r(1− r)(n−1)/p = K(r).
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For each ζ ∈ Bn(0,√2/2), using Lemma 4, we have
|F ′(ζ)− F ′(0)| ≤ |F ′(0)|+ |F ′(ζ)|
≤ nK(r) + K(r)[n+ (n+ 2)|ζ |]
1− |ζ |2
≤ K(r)[(3 +
√
2)n + 2
√
2],
which implies F ′(ζ)−F ′(0) is a bounded matrix-valued and real harmonic function
in Bn(0,
√
2/2). By Lemma 3, for each ζ ∈ Bn(0,√2/2), we have
|F ′(ζ)− F ′(0)| ≤ M(r)

1−
(√
2
2
)n−2
(
√
2
2
− |ζ |)
(
√
2
2
+ |ζ |)n−1


≤ M(r) ·
C1n−1
(√
2
2
)n−2
|ζ |+ · · ·+ Cn−1n−1 |ζ |n−1 +
(√
2
2
)n−2
|ζ |
(
√
2
2
+ |ζ |)n−1
≤ M(r)|ζ |
[
(1 +
√
2
2
)n−1 +
(√
2
2
)n−2
−
(√
2
2
)n−1]
(
√
2
2
+ |ζ |)n−1
≤ M(r)
[
(1 +
√
2)n−1 +
√
2− 1
]
|ζ |,
where M(r) = K(r)[(3 +
√
2)n + 2
√
2] and Ckn =
(
n
k
)
(k = 1, 2, . . . , n) denote the
binomial coefficients.
Since for each θ ∈ ∂Bn, Lemmas 4 and E imply
|F ′(0)θ| ≥ JF (0)|F ′(0)|n−1 ≥
1[
nK(r)
]n−1 .
Let ζ ′ and ζ ′′ be two distinct points in Bn(0, ρ(r)) with
ρ(r) =
1
[nK(r)]n−1M(r)[(1 +
√
2)n−1 +
√
2− 1] ,
and let [ζ ′, ζ ′′] denote the segment connecting ζ ′ and ζ ′′. Set
dζ =

 dζ1...
dζn

 .
Then we have
|F (ζ ′)− F (ζ ′′)| ≥
∣∣∣∣
∫
[ζ′,ζ′′]
F ′(0)dζ
∣∣∣∣−
∣∣∣∣
∫
[ζ′,ζ′′]
(F ′(ζ)− F ′(0)) dζ
∣∣∣∣
> |ζ ′ − ζ ′′|
{
1
[nK(r)]n−1
−M(r)
[
(1 +
√
2)n−1 +
√
2− 1
]
ρ(r)
}
= 0.
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This observation shows that F is univalent in Bn(0, ρ(r)). Furthermore, for any ζ0
with |ζ0| = ρ(r), we have
|F (ζ0)− F (0)| ≥
∣∣∣∣
∫
[0,ζ0]
F ′(0)dζ
∣∣∣∣−
∣∣∣∣
∫
[0,ζ0]
(F ′(ζ)− F ′(0)) dζ
∣∣∣∣
≥ ρ(r)
{
1
[nK(r)]n−1
−M(r)
[
(1 +
√
2)n−1 +
√
2− 1
]
ρ(r)/2
}
=
ρ(r)
2[nK(r)]n−1
> 0.
Therefore, f(Bn) contains a univalent ball Bn(0, R), where
R ≥ max
0<r<1
{
ρ(r)
2[nK(r)]n−1
}
= max
0<r<1
{
1
2[nK(r)]2n−2M(r)[(1 +
√
2)n−1 +
√
2− 1]
}
.
The theorem is proved. 
Proof of Theorem 6. If we suppose that this result is not true, then there is a
sequence {ak} and a sequence of functions {uk} with uk ∈ PEMf , such that {ak}
tends to 0 and ak /∈ uk(Bn), where ak > 0 for k ∈ {1, 2, . . .}. By [17, Theorem
4.6 and Corollary 4.7], we know that there is a subsequence {gk} of {uk} which
converges uniformly on compact subsets of Bn to a function g. Note that for each
k, the function hk = gk − g1 is harmonic. Hence the sequence {hk} converges
uniformly on compact subsets of Bn to g − g1 and therefore, the partial derivatives
of gk converge uniformly on compact subsets of B
n to the partial derivatives of g.
In particular, gk(0) → g(0) and Jgk(0) → Jg(0), and therefore, g ∈ PEMf . Since
Jg(0) − 1 = |g(0)| = 0, there are 0 < r0 < 1 and c1 > 0 such that Jg > 0 on
Bn(0, r0), g(B
n(0, r0)) ⊃ Bn(0, c1) and |g(x)| ≥ c1 for x ∈ ∂Bn(0, r0).
Set c2 = c1/2, Br0 = B
n(0, r0) and Bc2 = B
n(0, c2). Then there is a k0 such that
|gk(x)| ≥ c2 for k ≥ k0 and Jgk > 0 on Br0 . Since deg(gk, Br0, 0) ≥ 1, by the degree
property (II) in page 5, we see that deg(gk, Br0 , y) ≥ 1 for y ∈ Bc2 and k ≥ k0.
Hence gk(Br0) ⊃ Bc2 for k ≥ k0 and this leads a contradiction. The proof of the
theorem is complete. 
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